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Experiment and simulation of laminar and turbulent ferrofluid pipe flow
in an oscillating magnetic field
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Laminar and turbulent pipe flow of a ferrofluid with an imposed linearly polarized, oscillating, magnetic
field is examined here. Experimental results show a fractional pressure drop dependence on flow rate, magnetic
field strength, and oscillation frequency. Calculations are presented, which show that ferrofluid theory can
explain the flow phenomena in laminar and turbulent pipe flow. The model requires an initial fit of key
parameters but then shows predictive capability in both laminar and turbulent flow. Simulation results are
found to be essentially independent of the spin boundary condition due to an approximation of spin viscosity
that is very small. A low Reynolds numberk-« model is used to model the turbulent pipe flow.
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I. INTRODUCTION

A ferrofluid is a liquid with stable nanoscale magne
particles suspended within it such that it responds strongl
magnetic fields. Brownian motion keeps the particles fr
settling in an external field, and an attached layer of surf
tant helps prevent particle agglomeration. Applications s
as hermetic seals in computer hard drives and increased
transfer in electrical devices are possible due to the uni
properties and behavior of ferrofluids.

In ferrofluid flows, the net effect of a magnetic field o
the suspended nanoscale particles can be seen as an in
or decrease in the effective viscosity. This effect on effect
viscosity has been the topic of a number of experimen
studies and theoretical studies for Couette or Poiseuille fl
The current study is concerned with the effect of a linea
polarized, oscillating, magnetic field on pressure driven f
rofluid pipe flow in both laminar and turbulent flow regime

Some experimental studies of Poiseuille flow are av
able in the literature@1–4#. McTague@1# established that the
effective viscosity increases with the application of a stea
magnetic field and that the magnitude of this increase is
pendant upon both the field strength and orientation. B
et al. @2# showed that when a linearly polarized magne
field oscillates down the axis of the pipe at a high frequen
the effective ferrofluid viscosity can actually become low
than the viscosity in the absence of a magnetic field. T
reduced viscosity, described for laminar flow by Bacriet al.
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@2# as m r(H,V)5@m(H,V)/m(0,0)#21, is referred to
herein as the fractional pressure drop. Sometimes the lit
ture refers to a negative viscosity effect, or sometimes e
to a negative viscosity. Since the viscosity is always positi
and a reduction in viscosity is quite common with polyme
where it is called shear thinning, the terminology ‘‘negati
viscosity effect’’ is not used here. Further, Bacriet al. @2#
showed how the fractional pressure drop depends upon
magnetic field strength and oscillation frequency and set
condition that the oscillation frequencyV multiplied by the
Brownian relaxation timetB must be greater than one for th
fractional pressure drop to be negative. Zeuner, Richter,
Rehberg@3# conducted an experiment similar to Bacriet al.
@2#, with an ac solenoid wrapped around a portion of t
pipe, but extended the study to a much larger range of m
netic field strengths and oscillation frequencies. The res
of Zeuner, Richter, and Rehberg@3# also imply thatVtB
i1 when negative fractional pressure drops appear. Fur
Zeuner, Richter, and Rehberg@3# present evidence thattB is
a function ofV. Table I compares the ranges of experimen
conditions for both experiments. These experiments w
limited to slow, laminar flows. Kamiyama@4# studied flow in
a pipe with a dc solenoid creating a steady magnetic fie
The data is limited to a single magnitude of the magne
field, but does encompass both laminar and turbulent fl

,

TABLE I. Comparison of the range of experimental conditio
in Bacri, Perzynski, and Shliomis@2# and Zeuner, Richter, and
Rehberg@3#. Brackets indicate powers of ten.

Bacri et al. @2# Zeuneret al. @3#

H range 0–1 Oe 0–500 Oe
V range 0–1 kHz 0–22 kHz
tB value ;1.6@23# s ;9.4@25# s
©2003 The American Physical Society08-1
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The results reported here are at an oscillation freque
range similar to Bacriet al. @2# ~0–1 kHz!, and at a field
strength range larger than Zeuner, Richter, and Rehberg@3#
~0–1264 Oe!. Contrary to previous work, the results here a
obtained for a range of laminar and turbulent flow rates in
oscillating magnetic field. The data show that the dep
dence of the fractional pressure drop on the flow rate is
nificant.

Theoretical studies of the flow of a ferrofluid with a
applied magnetic field are also available in the literat
@5–7#. Shliomis@5# used the equations of ferrohydrodynam
ics, a derived magnetization equation, and a nonlinear m
netic equation of state to study planar Couette flow with
constant magnetic field. His results compared well with
Poiseuille flow experiment of McTague@1#. More than 20 y
later, Shliomis and Morozov@6# analyzed planar Couett
flow with a linear polarized oscillating magnetic field. Usin
the same equations of ferrohydrodynamics and magne
tion as Shliomis@5#, they showed that the theory predicte
that a negative fractional pressure drop could be achieved
any VtB.1. While Bacri et al. @2# experimentally showed
the existence of a negative fractional pressure drop, the
dictions of Shliomis and Morozov@6# disagree with the be
havior of the experimental data. Bacriet al. showed that the
magnetization equation put forth by Marsenyuk, Raikh
and Shliomis@8# provided a truer prediction of the exper
mental data. Zahn and Pioch@9# investigated the torque fel
by a ferrofluid particle in four different unsteady magne
fields. Their analysis used the equations of ferrohydrodyn
ics, Shliomis’ 1972 magnetization equation@5#, and a mag-
netic equation of state with a constant effective magn
susceptibility. Their use of a constant magnetic susceptib
allows them to develop an analytical solution to the nonl
ear torque term in each of the four cases. Felderhof@7# stud-
ied Poiseuille flow in a pipe with a linear polarized oscilla
ing magnetic field directed down the axis of the pipe.
used the equations of ferrohydrodynamics and conside
three different magnetic relaxation equations, all with no
linear magnetic equations of state. The three he investig
are: Shliomis@5#, Martsenyuk, Raikher, and Shliomis@8#,
and Felderhof and Kroh@10#. His analysis concluded that th
relaxation equation of Marsenyuk, Raikher, and Shliomis@8#
provided a good estimation of the real behavior in a dil
ferrofluid, although they were all similar at small amplitud
of the oscillating magnetic field.

II. EXPERIMENT

The experiment is designed to study the laminar and
bulent fractional pressure drop of ferrofluid flow under t
influence of a linearly polarized, oscillating, magnetic fie
A schematic of the setup is given in Fig. 1. A peristal
pump is used to pump the ferrofluid through the system
flowrates ranging from 330 ml min21 to 1400 ml min21.
Pressure drop measurements are made over two equal le
sections of 3 mm diameter pipe. Only one of the sections
an applied magnetic field. The fractional pressure drop is
pressure drop occurring in the section with magnetic fi
applied divided by the pressure drop occurring in the sec
02630
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without magnetic field minus one:

DP~H !

DP~0!
21. ~1!

Thus, the increase in pressure drop due to this field is m
sured. Again, this fractional pressure drop in laminar flow
the same as the reduced viscosity mentioned in the literat

Experimental results include pressure drop vs flow r
measurements at zero magnetic field and fractional pres
drop as it depends upon flow rateQ, magnetic field strength
H0 , and frequency of oscillation of the magnetic fieldV.
The experimental range ofH0 is 0–1264 Oe and the range o
V is 0–1000 Hz. The experimental fluid is a water bas
ferrofluid, EMG-206, from Ferrotec.

Experimental results of the fractional pressure drop in
laminar and turbulent flow regimes as a function ofH0 and
Q are shown for aV of 400 Hz in Fig. 2. The results show
that in laminar flow the fractional pressure drop at a const
magnetic field decreases with increasing flow rate. Once
flow is turbulent, the fractional pressure drop is relative
constant for changing flowrates at a constantH0 . When the
magnetic field strength is increased, the fractional press
drop increases in all cases. These are the experimental re
to be simulated.

In this experiment a negative fractional pressure drop
not observed. This does not contradict any results previou
published; the experiment is just not in the range where
effect is expected. The previous experiments established
a general criterion for seeing a negative fractional press
drop is VtBi1. The largest value estimated here isVtB

FIG. 1. Schematic of the experimental setup.

FIG. 2. Experimental fractional pressure drop as a function
the pipe flow rate and magnetic field strength at an oscillation
quency of 400 Hz.
8-2
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50.061. Our results agree qualitatively with theVtB,1
data of Bacriet al. @2# and Zeuner, Richter, and Rehberg@3#.

The goal of this research is to use the equations of fe
hydrodynamics to predict and reproduce the experime
data from the pipe flow experiment in both the laminar a
the turbulent regimes. This includes predicting the para
eters that go into the governing equations, numerically so
ing the equations up to the boundary, and using a bound
condition on the particle spin that gives correct results. N
merical simulation of the ferrofluid flow allows us to de
with variable mean velocity and spin gradients.

III. MODEL EQUATIONS

The equations of ferrohydrodynamics as described
Rosensweig@11# are used to describe ferrofluid flow. The
include an equation for linear momentum

rS ]u

]t
1u•“uD52“p1~m1z!¹2u12z“3v

1m0M•“H ~2!

and an equation for the spin rate~or internal angular momen
tum!

rI S ]v

]t
1u•“v D5h8¹2v12z~“3u22v!1m0M3H,

~3!

wherer is the density,m is the dynamic viscosity,z is the
vortex viscosity,m0 is the permeability of free space,I is the
moment of inertia per unit mass of a ferrofluid particle, a
h8 is the spin viscosity. An equation for the magnetizationM
is also needed. The one proposed by Shliomis@5# is used
here

]M

]t
1u•“M5v3M2

1

t
~M2M0!, ~4!

whereM0 is the equilibrium magnetization andt is the re-
laxation time.

Simplifications to the momentum and spin equations
made to reduce them to a tractable form. First, steady, f
developed, axisymmetric flow in the pipe is assumed. A
entry and exit effects due to the oscillating magnetic field
ignored. Second, the magnetic field produced by the sole
is assumed to vary only in time, making spatial gradien
i.e., theM•“H term, equal to zero. Finally, the moment
inertia of a ferrofluid particle is so small that the convecti
term in the spin equation can be ignored. Using these
sumptions and writing the equations in cylindrical coor
nates gives

1

r

d

dr
r ~m1z!

du

dr
12z

1

r

d~vr !

dr
2S ]p

]zD
Constant

50 ~5!

and
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h8S d2v

dr2 1
1

r

dv

dr
1

v

r 2D12zS 2
du

dr
22v D1m0M3H50

~6!

for the linear momentum and spin, respectively. The torq
term in the spin equation is evaluated using the magnet
tion equation, following the work of Zahn and Pioch@9#.
They assume a constant effective magnetic susceptib
which allows for analytic expression of the torque. The co
vection term in magnetization equation~4! is zero for fully
developed flow since the velocity and magnetization grad
are orthogonal. This is true in laminar flow and is assumed
be true in turbulent flow, too. The nondimensional torq
term for a linear polarized magnetic field, time averaged o
one period is

T0[
^m0M3H&

m0H0
2 5

0.5

a21b2 x0@a~e2c!2x0~ce1d f !#,

~7!

where

a5~vt!22~Vt!2111x0 ,

b5Vt~21x0!,

c5vt11,

d5 f 5Vt,

e5~11x0!2vt.

Equations~5! and~6! with Eq. ~7! as the torque term are th
set of equations that are solved for laminar flow.

For the turbulent flow, an additional assumption is ma
Since the length scale of the ferrofluid particles is much l
than the smallest length scale of the turbulence, the hyp
esis is that the turbulence properties do not change from
case of a Newtonian fluid with the same viscosity as
ferrofluid. The Kolmogorov length scale ratio of largest e
dies, L, to smallest eddies,h, is given asL/h5Re3/4 @12#.
Dimensionally consideringL to be the diameter of the pipe,
mm, and a Re of 104, the estimate forh is 3 mm, which is
still much greater than the diameter of the particle, 30 nm

In the turbulent flow analysis, the dependant variables
represented by a mean~represented by brackets,^ &! and fluc-
tuating ~represented by an asterisk,* ! part, e.g., u5^u&
1u* . Equations~2! and~3! are then time averaged. The tim
average of the turbulent spin equation remains the sam
the laminar spin equation, assuming that the time averag
the torque is the same as the time average over one perio
oscillation. The time average of the momentum equation
not the same as the laminar case. Time averaging the no
ear convective term introduces the closure problem;
means that there are now more unknowns than equati
The unknowns, called the Reynolds stress terms, have t
modeled. A two-equation eddy viscosity model is employ
as a closure model to solve for the unknown Reynolds str

The time-averaged version of the momentum equation
given as
8-3
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1

r

d

dr F r S ~m1z!
d^u&
dr

2^u* v* & D G12z
1

r

d~^v&r !

dr

2S ]^p&
]z D

Constant

50. ~8!

Using the eddy viscosity assumption, set the Reynolds s
stress component to

^u* v* &52mT

]^u&
]r

. ~9!

The bracket notation is dropped here and it is implied that
turbulent equations are now dealing with time-averag
quantities. The time-averaged momentum equation then
comes

1

r

d

dr F r ~m1z1mT!
du

dr G12z
1

r

d~vr !

dr
2S ]p

]zD
Constant

50,

~10!

where mT5rCm f m

k2

«
~11!

is the eddy viscosity. Now, two more equations are used
k, the turbulent kinetic energy, and«, the turbulent kinetic
energy dissipation rate. Specifically, the low Reynolds nu
ber k-« model proposed by Myong and Kasagi@13# is used
because, when it was developed, it was tested against
developed pipe flow; thus, it directly relates to our situatio
Further, the Myong and Kasagi model@13# was shown to
give the best flow predictions in a pipe when compared
nine other models by Hrenyaet al. @14#. The general form of
the low Reynolds numberk and« equations for steady, fully
developed, turbulent pipe flow are given@14# as

1

r

d

dr
r S n1

nT

sk
D dk

dr
1nTS du

dr D
2

2«2D50, ~12!

1

r

d

dr
r S n1

nT

s«
D d«

dr
1

C«1f 1nT«

k S du

dr D
2

2
C«2f 2«2

k
1E50,

~13!

where nT5
mT

r
.

By assumption, the effect of a vortex viscosity on the turb
lent kinetic energy and rate of dissipation is neglected. T
model constants, functions, andD andE terms depend on the
specific low Reynolds numberk-« model being used. For th
Myong and Kasagi model@13# they are

Cm50.09, C«151.4, C«251.8, sk51.4, s«51.3,

f m5F12expS 2
y1

70D G S 11
3.45

ART
D ,

f 151, ~14!
02630
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9
expX2S RT

6 D 2CGF12expS 2
y1

5 D G2

,

D50,

E50,

where RT5k2/n« and y15@12(r /R)#Ret . The functions
and constants in the Myong and Kasagi model@13# are not
changed in our simulation.

Next, the laminar and turbulence equations are made n
dimensional. In the laminar flow equations, the variables
normalized as follows:r by R, u by UAVG , and v by
UAVG /R. The normalized laminar equations are then

1

r

]

]r
r ~11C1!

]u

]r
12C1

1

r

]~rv!

]r
1C250, ~15!

C3S ]2v

]r 2 1
1

r

]v

]r
2

v

r 2D12S 2
]u

]r
22v D1C4~T0!50.

~16!

For the turbulence equationsr is normalized byR, uby ut ,
v by ut /R, k by ut

2, and« by ut
3/R. The normalized turbu-

lent equations are then

2 Ret1
1

r

]

]r
r S 11

mT

m
1C1D ]u

]r
12C1

1

r

]~rv!

]r
50,

~17!

C3S ]2v

]r 2 1
1

r

]v

]r
2

v

r 2D12S 2
]u

]r
22v D1C4~T0!50,

~18!

1

r

d

dr
r S 11

nT

n

1

sk
D dk

dr
1

nT

n S du

dr D
2

2« Ret2DS R2

nut
2D 50,

~19!

1

r

d

dr
r S 11

nT

n

1

s«
D d«

dr
1C«1f 1

nT

n

«

k S du

dr D
2

2C«2f 2

«2

k
Ret1ES R3

ut
3n D 50, ~20!

for the momentum, spin, kinetic energy, and dissipation ra
respectively. In the above equations

C15
z

m
, ~21!

C252
R2

mUAVG
S ]p

]zD
Constant

, ~22!

C35
h8

R2z
, ~23!
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C45
m0H0

2R

zut
, ~24!

and

Ret5
utR

n
, ~25!

are unitless parameters that arise from the nondimensio
ization. The friction velocity is defined asut5Atwall /r,
wheretwall is the shear stress at the wall. The first derivat
of velocity, which is needed in thek and « equations, is
evaluated analytically at each grid point based on curr
values ofk, «, andv.

IV. PARAMETERS AND BOUNDARY CONDITIONS

To solve the problem for our particular ferrofluid, the p
rametersm, r, z, h8, tB , and x0 along with the boundary
conditions have to be specified.

The dynamic viscositym is estimated by the regression
laminarDP vs Q data in the absence of a magnetic field.
value ofm50.003 852 1 Pa s is found from this analysis. T
value of the density is accurately determined with a PAA
DMA 45 digital density meter and isr51187.4 kg m23.
This technique makes density measurements based on
natural frequency change of aU-tube oscillator when loaded
with different gases or liquids.

The vortex viscosity is estimated usingz51.5mfh @11#,
wherefh is the hydrodynamic volume fraction of the pa
ticles. The hydrodynamic volume fraction is estimated
using fm5MS,FF/MS,SOLID, fm /fs50.74, and fh /fs
510, wherefm is the solid magnetic part of the volum
fraction, fs is the total solids part of the volume fraction
MS,FF is the saturation magnetization of the ferroflui
MS,SOLID is the saturation magnetization of the magnetic s
ids that make up the ferrofluid. These equations are base
the analysis for water based ferrofluids by Berkovs
Medvedev, and Krakov@15#. With MS,FF511.94 kA m21

andMS,SOLID5478 kA m21, this makesz/m5C15 1
2 for our

ferrofluid.
The spin viscosity is estimated using kinetic molecu

theory of an ideal gas and multiplied by 1000 to get
estimate for our liquid since liquid viscosities are typica
100–1000 times larger than gas viscosities. Bird, Stew
and Lightfoot@16# derive the dynamic viscosity of an idea
gas from a molecular point of view using a linear moment
balance. Our approach is similar except we use internal
gular momentum instead of linear momentum. The result
expression for the spin viscosity is

h85
2

3
AmkT

1

p3/2DP
2 I . ~26!

If the ferrofluid particle is considered as a two-layered sph
with different densities in each layer~see Fig. 3! the moment
of inertia per unit massI is then
02630
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p@r1R1

51r2~R2
52R1

5!#

m
. ~27!

The spin viscosity estimate is a very small value
6.4310220 kg m s21 making C351.5310211. Table II lists
values of the parameters determined thus far.

The relaxation time physically relates to the amount
time it takes for a ferrofluid particle to orient its magnetiz
tion vector with an external field that is not originally in th
same direction. Two types of relaxation times are releva
The Brownian relaxation time refers to the actual rotation
the particle. The Ne´el relaxation time refers to the magnet
zation moment rotating inside of the particle. Brownian r
laxation is typically much faster than Ne´el relaxation for par-
ticles with DP510 nm and larger; thus, the Ne´el component
is ignored and the relaxation timet is equal to the Brownian
relaxation timetB . Shliomis@5# proposed that

tB5
3Vhmc

kT
, ~28!

where Vh is the particle’s effective hydrodynamic volume
mc is the dynamic viscosity of the carrier fluid, andkT is
thermal energy. Because the relaxation time is directly p
portional to the volume of the particles, any agglomerat
will lead to larger relaxation times. For turbulent flow th
relaxation time is taken as a constant. For laminar flow,
relaxation time is allowed to vary with the flow rate an
oscillation frequency. The hypothesis is that in turbulent flo
the particle agglomerates will be broken up as far as p

FIG. 3. A simple model of a ferrofluid particle is a two-layere
sphere with different densities in each layer.

TABLE II. Numerical values of selected parameters used in
ferrofluid model. Brackets indicate power of ten.

m ~Pa s! 3.85@203#

r ~kg m23! 1187.4
z ~Pa s! 1.93@203#

h8 ~kg m s21! 6.40@220#

C15z/m 0.5
C35h8/R2z 1.50@211#
8-5
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sible, giving a minimum relaxation time, but in laminar flo
particle agglomerations can occur, especially since sh
stresses go to zero at the center of the pipe. Specifically
assume that particle agglomeration in laminar flow ha
dependence upon shear rate and oscillation frequency
lower flow rates, larger agglomerations are postulated to
cur, causingtB to increase. Kamiyama@4# also suggests tha
the time constant in laminar flow is variable with flow rat
but is constant in turbulent flow. They relate this to agglo
eration in their water-based ferrofluid. Zeuner, Richter, a
Rehberg@3# also present evidence of a time constant dep
dence upon frequency.

Finally, the effective magnetic susceptibility is allowed
depend upon the strength of the magnetic field in differ
experiments, but a constant value is used at a given mag
field strength. This is only an approximation, but it grea
simplifies the analysis. When a steady magnetic field is
plied to our nonflowing ferrofluid and the resulting mater
magnetization is measured, theM vs H curve is nonlinear. At
low field strengths the curve becomes almost linear~which
means a linear magnetic equation of state is appropria!.
The assumption is that the magnetic susceptibility in the c
with flow and an oscillatingH will exhibit the same basic
behavior as can be found from anM vs H curve from a
steady, nonflowing, case. That is, the magnitude ofx0 de-
creases with increasing field strength.

To solve the laminar and turbulent equations, bound
conditions must be imposed for each of the dependant v
ables. The one-dimensional domain is from the center of
pipe (r 50) to the wall of the pipe (r 51). At the center of
the pipe, the spin boundary condition is zero, (v) r 5050,
while the other variables have the usual symmetry condi
(du/dr) r 505(dk/dr) r 505(d«/dr) r 5050. At the wall, the
velocity fulfills the no-slip condition, (u) r 5150; the kinetic
energy is equal to zero, (k) r 5150; the dissipation rate at th
wall is («) r 515(1/Ret)(d

2k/dr2) @13#. The boundary condi-
tion for the spin rate at the wall is unknown but four differe
possibilities are evaluated: (v) r 5150, the spin is zero at the
wall; (dv/dr)ur 5150, there is no couple stress at the wa
(v) r 515 1

2“3u the spin of the particles is the same as th
of a Newtonian fluid; and thev equation is satisfied at th
wall.

V. NUMERICAL METHOD

With boundary conditions and numerical values of t
model parameters specified, the equations can be solved
merically. The laminar and turbulent equations are d
cretized and manipulated to ensure stability and positiv
using the finite-volume method described by Patankar@17#.
The laminar equations are also solved using the orthog
collocation method@18# with only a few collocation points in
the domain. Most simulations reported herein are deri
using the finite volume method.

For each turbulent case, a mesh that increases its de
as the wall is approached is used. This allows efficient
accurate resolution of profiles exhibiting steep gradients n
the wall. The distance of the first node away from the wal
specified asy250.5/Ret . As an example, turbulent flow a
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Re55000 with N540 produces ay254.2mm. With R
51.5 mm, y2 is only 0.28% of the way to the center of th
pipe. The benefit of using variable spaced nodes is appa
since 356 equidistant nodes~almost 9 times as many! are
required to get the samey2 . For a given number of nodesN
the rest of the mesh is generated usingyi5yi 21
1(yi 21–yi 22)P, whereP is the value that makesyN51.
Note thatyi5(r i /R)21, and that the value ofP, which is
greater than 1, is found iteratively based onN.

The first derivative of velocity that appears in the spin,k,
and« equations is calculated exactly by integrating the m
mentum equation. This is possible because the pressure
term is a constant. For example, doing this to Eq.~17! yields

du

dr
52

~Retr 12C1v!

S 11
mT

m
1C1D .

This form of the derivative is then used in Eqs.~18!–~20!.
Doing this gives more stable solutions compared to when
derivative is approximated using a second order finite diff
ence method.

The laminar and turbulent equations are discretized
cording to the finite-volume method. For each depend
variableAw5b has to be solved. The diffusion terms ma
A tridiagonal. Negative source terms are brought intoA by
the method of Patankar@17#. The unknown variablew is
solved for by lower-upper decomposition.

Because of nonlinear terms, iteration is necessary. In
guesses for all variables are made. Then, the matrix equa
for each dependant variable is updated separately. The o
in which they are solved in isk, «, v, then u. The most
current values of the dependant variables are always use
the terms that go intoA and b. The equations are iterate
until the norm of the error,

H (
i 51

N

@~ui
current2ui

previous!21~v i
current2v i

previous!2

1~ki
current2ki

previous!21~« i
current2« i

previous!2#J 1/2

, ~29!

at the current iteration is less than 131026

To solve at specified flowrates, the program is made
converge on a known value of the average veloc
UAVG,specified. This is accomplished by iterating about valu
of the nondimensional pressure drop using the sec
method. The iteration continues untiluUAVG,simulated
2UAVG,specifiedu,1025.

The simulated pressure drop for the laminar flow is c
culated using the Hagen-Poiseuille equation.

DP

L
5

8mUAVG,simulated

R2 . ~30!

A force balance on the pipe using the value of stress at
wall is done to find the average pressure drop in turbul
flow,
8-6
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DP

L
5

2tw

R
. ~31!

The stress at the wall,tw , is determined from the definition
of Ret andut .

The fractional pressure drop in the turbulent simulatio
has an estimated error of 0.065% when 40 variable den
grid points are used. The fractional pressure drop in the la
nar simulations has an estimated error of 8.231023% when
30 equidistant grid points are used. Numerical accurac
estimated by: finding the solution at various values ofN,
plotting the fractional pressure drop vs (1/N)2, and extrapo-
lating the fractional pressure drop to (1/N)250 to get an
estimate of the exact answer. Orthogonal collocation w
from 3 to 7 collocation points gave results for the lamin
flow that differed only by one in the ninth significant digit

VI. RESULTS

This section is presented in three main parts: simula
of a nonmagnetic, Newtonian fluid flowing through a pip
simulation of a ferrofluid flowing through a pipe with n
magnetic field imposed, and simulation of ferrofluid flo
through a pipe with a linear polarized magnetic field osc
lating down the axis of the pipe.

A. Nonmagnetic, Newtonian fluid

The turbulent velocity profile for a nonmagnetic, Newto
ian, fluid compares closely to the empirical law-of-the-w
~Fig. 4!. The empirical equations for the different laye
shown in Fig. 4 are taken from Thompson@19#. The friction
factor also compares closely to the Blasius and Nikura
equations at various turbulent Reynolds numbers. This g
confidence that the Myong-Kasagi low Reynolds numberk-«
model @13# is being solved correctly.

FIG. 4. The fully developed turbulent velocity profile for a no
magnetic, Newtonian fluid compared to the empirical law-of-th
wall. The Myong and Kasagik-« model @12# with Ret5150. The
empirical equations for the different layers are taken from Thom
son@18#. U1 is the velocity normalized byut andy1 is y normal-
ized byn/ut .
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B. Ferrofluid, no magnetic field imposed

The ferrofluid model is used to simulate pressure d
versus flow rate data when the magnetic field is turned
For both laminar and turbulent flow the values of the para
eters in Table II along witht51.5ms andx050.04 are used
in the model. Again, the dynamic viscosity is obtained by
regression of the laminar (H50) data.

The results, in Fig. 5, are the same for all four bounda
conditions of spin. In fact, the spin profiles for this case a
identical except for a very thin boundary layer near the w
Whatever the true boundary condition, the spin bound
layer here does not extend past the first node away from
wall. The reason is that the estimate of the spin diffus
coefficienth8 is very small, removing the effect of the spi
diffusion term. This observation holds in all subseque
simulations making the fractional pressure drop independ
of the choice of spin boundary condition at the wall. T
choice is made to use the boundary condition that satis
the spin equation at the wall for all subsequent simulatio
This boundary condition is chosen because it allows the s
profile to smoothly approach the wall. Others, name
(v) r 5150 and (v) r 515 1

2“3u, often displayed a dramatic
visual discontinuity in the spin profile by jumping from th
calculated value aty2 to the value imposed at the wall. If th
spin diffusion is completely neglected, the spin of a parti
no longer depends on the spin rate of surrounding partic
it only depends on the torque induced by an external m
netic field

2S 2
]u

]r
22v D1C4~T0!50. ~32!

C. Ferrofluid, linearly polarized, oscillating magnetic
field imposed

Next, the problem is solved with the magnetic field turn
on. The comparison of the simulated fractional pressure d
to experimental data over the range of experimental con
tions is used to test the validity of the ferrofluid model.

-

-

FIG. 5. Experimental ferrofluid pressure drop versus flow r
data, with the magnetic field turned off, compared to simulati
The model uses the parameters in Table II.
8-7
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In pipe flow, the vorticity is not constant, causing the sp
to vary across the domain. As a result, there is a differ
value of the torque term at each discretization point in
domain ~since the torque is dependent uponv!. Figure 6
shows the highly nonlinear behavior of the torque term a
function of spin and frequency derived from Eq.~7!. The
spin is zero at the center of the pipe, and at that point
torque in Fig. 6 is approximately zero for most simulation
The spin increases roughly linearly with radial position,
that the torque follows a line for constantV in Fig. 6. For
smallvt ~near the pipe center! this is linear, but for largervt
~near the pipe wall at high flow rate! it is clearly nonlinear.
Thus, the behavior in the pipe differs greatly with rad
position, making the problem complex. The numerical
sults are found to be essentially independent of spin bou
ary condition because the magnitude of the spin visco
removes the effect of spin diffusion, as was the case w
there was no magnetic field.

FIG. 6. Presentation of the nondimensional time-avera
torque term@Eq. ~7!# for a linearly polarized magnetic field@8#.
x051. The productsvt andVt are also nondimensional.

FIG. 7. Simulated profiles for laminar ferrofluid pipe flow wit
an imposed oscillating magnetic field. The nondimensional profi
are for: velocity, spin, and time-averaged torque.Q
5500 ml min21; H5948 Oe; V560 Hz. The model parameter
are as in Table II withtB51.5ms andx050.04.U is normalized by
UAVG , v by UAVG /R, and torque bym0H0

2.
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Profile results for laminar (Q5500 ml min21) and turbu-
lent ~1400 ml min21! flows with H05948 Oe,V560 Hz, t
51.5ms, x050.04 and the parameters from Table II a
shown in Figs. 7 and 8, respectively. The plots show
velocity, spin, and torque profiles, plusk and « profiles for
the turbulent simulation, plotted vsr. The torque appears to
be linearly proportional to the spin; this is becauset is small
enough to cause the quadratic terms in the torque equa
(Vt)2 and (vt)2, to become negligible. Figures 9 and 1
show how the laminar and turbulence variables shown
Figs. 7 and 8 change relative to the zero magnetic field c
~with all other parameters the same!. The solution profiles
~excluding the torque! are normalized relative to their respe
tive maximum value in theH050 case. When the magneti
field is turned on, the laminar velocity profile does not vis

d

s

FIG. 8. Simulated profiles for turbulent ferrofluid flow with a
imposed oscillating magnetic field. The nondimensional variab
profiles are: velocityU, spinv/3, kinetic energy 5k, dissipation rate
«, and time averaged torqueT0 . Q51400 ml min21; H5948 Oe;
V560 Hz. The model parameters are as in Table II withtB

51.5ms andx050.04. U is normalized byut , v by ut /R, k by
ut

2, « by ut
3/R, and torque bym0H0

2.

FIG. 9. Profiles from Fig. 7 as compared to theH50 case. The
velocity and spin profiles are normalized with respect to the ma
mum value of each corresponding dimensional variable in theH
50 case. The nondimensional, time averaged torque values
directly plotted, where the torque is normalized as in Fig. 7. T
H50 case is run using the same parameters as Fig. 7.
8-8
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FIG. 10. Profiles from Fig. 8 as compared to theH50 Oe case~a! velocity; ~b! spin; ~c! kinetic energy;~d! kinetic energy dissipation
rate; ~e! time-averaged torque. The dotted profile is theH50 case. The dashed line is forH5948 Oe andV560 Hz. Plots~a!–~d! are
normalized with respect to the maximum dimensional value in the respectiveH50 case; U* 54.50 m s21, v* 510179 s21, k*
50.21 m2 s22, «* 5216.3 m2 s23. Plot ~e! is normalized with respect to the negative minimum of theH5948 Oe case;T0* 5141.7. The
H50 case is run using the same parameters as Fig. 8.
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ally change but could be slightly different even though t
flow rates are forced to be the same, but the laminar s
profile decreases because the torque impedes particle
tion. In the turbulent simulation the velocity profiles at th
same flow rate are visually distinct. The spin profile d
creases. The kinetic energy and dissipation rates increase
reach their peak values closer to the capillary wall.

One set of model parameters that fit all of the experim
tal data could not be found. However, by allowing two of t
parameters to depend upon experimental conditions
model is able to reproduce and predict experimental d
Specifically, the effective magnetic susceptibility is allow
to depend upon magnetic field strength, and the Brown
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time constant, in laminar flow only, is allowed to depe
upon both flow rate and oscillation frequency. In all turbule
simulations the relaxation time is kept constant. The just
cation of allowingx0 and tB to depend upon experimenta
conditions is given in the ‘‘parameters’’ section.

In the turbulent simulations a value of the relaxation tim
has to be estimated, and we use the Eq.~26! proposed by
Shliomis@5#. The time constant for the turbulent flow corre
sponding to a particle diameter of 29.5 nm istB59.8ms.
Using this value oftB , magnetic susceptibilities that mak
the model match the turbulent data are found at each fi
strength at 60 Hz and 800 ml min21. The list of effective
susceptibilities and corresponding field strengths are give
8-9



d
ta
ent
l

ata

cy.
w
Hz

nd

tio
l
.

m
th

tion
l
0

III.
the

tion
l
0

III.
the

g

SCHUMACHERet al. PHYSICAL REVIEW E 67, 026308 ~2003!
FIG. 11. Simulated fractional pressure drop results as a func
of Q andH ~represented with solid lines! compared to experimenta
data~represented with data points! at a constant frequency of 60 Hz
Note that a solid line is for a constantH value. Model parameters
are as in Table II. Magnetic susceptibilities are as in Table III. Ti
constant values are as in Table IV. The data points within
dashed oval are used to determine parameters for this case.

TABLE III. List of magnetic susceptibilities and correspondin
H.

H ~Oe! x0

158 0.0479
316 0.0278
474 0.0171
948 0.0063
1264 0.0043a

aExtrapolated value.

TABLE IV. List of relaxation times at correspondingQ and 60
Hz.

Q ~ml min21! tB ~ms!

342.7 61
482 41

624.2 36

TABLE V. List of relaxation times at correspondingQ and 400
Hz.

Q ~ml min21! tB ~ms!

341.5 29
482 24.5

624.2 20

TABLE VI. List of relaxation times at correspondingQ and
1000 Hz.

Q ~ml min21! tB ~ms!

311 24
475 18
611 13
02630
Table III. After this initial fit, when the frequency is raise
~400 and 1000 Hz! the simulation predicts the turbulent da
without having to adjust any parameters. Thus, all turbul
data ~60, 400, and 1000 Hz! is predicted using our mode
with the parameters in Table II, a constanttB of 9.8 ms, and
the magnetic susceptibilities in Table III.

The susceptibilities at a particularH for the laminar simu-
lations are the same as those found to fit the turbulent d
~see Table III!. In laminar flow, the relaxation time is now
allowed to depend upon flow rate and oscillating frequen
The list of laminar relaxation times and corresponding flo
rates that fit the data at a field strength of 158 Oe and 60
are given in Table IV. The list of relaxation times at 400 a
1000 Hz are given in Tables V and VI, respectively.

n

e
e

FIG. 12. Simulated fractional pressure drop results as a func
of Q andH ~represented with solid lines! compared to experimenta
data~represented with data points! at a constant frequency of 40
Hz. Note that a solid line is for a constantH value. Model param-
eters are as in Table II. Magnetic susceptibilities are as in Table
Time constant values are as in Table V. The data points within
dashed oval are used to determine parameters for this case.

FIG. 13. Simulated fractional pressure drop results as a func
of Q andH ~represented with solid lines! compared to experimenta
data~represented with data points! at a constant frequency of 100
Hz. Note that a solid line is for a constantH value. Model param-
eters are as in Table II. Magnetic susceptibilities are as in Table
Time constant values are as in Table VI. The data points within
dashed oval are used to determine parameters for this case.
8-10
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Figures 11–13 show laminar and turbulent fractional pr
sure drop results for 60, 400, and 1000 Hz, respectiv
Experimental data are represented with data points; sim
tion results are represented by lines. The simulation res
predict the laminar and turbulent experimental data reas
ably well in all three figures.

In Fig. 11, the predictions for laminar flow andH5316,
474, and 948 Oe have no adjustable constants. The mag
susceptibility is obtained from the turbulent data, but it do
not exist forH51264 Oe. Thus values of susceptibility, d
termined in the 60 Hz turbulence fit, are fit to a power fo
mula, and then extrapolated to the higher magnetic field.
model gives slightly over predictive results when extended
H51264 Oe in Fig. 11. Of the 27 data points shown in F
11, only the 7 that are within the dashed ovals are use
determine the parameters; the other 20 data points ca
predicted by the model. In Figs. 12 and 13 only 3 data po
~within dashed ovals! are used to determine the paramete

If the simulations use a value oftB four times larger than
9.8ms, the simulation could only reproduce the data at 60
~although not reported here!. The data at higher frequencie
could not be predicted because the largetB causes the qua
dratic terms in the torque equation to become more pre
lent, and this limits the maximum fractional pressure dr
we could calculate to values smaller than the data showe
high magnetic field and high frequency.
e,

.
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VII. CONCLUSIONS

Laminar and turbulent pipe flow with a linearly polarize
magnetic field is studied experimentally and numerically. E
perimental results show different behavior in laminar a
turbulent flow regimes. A model based on the equations
ferrohydrodynamics@11# is used to predict the flow of fer
rofluid in the unsteady magnetic field. The model accurat
predicts the fractional pressure drop as a function of fl
rate, magnetic field, and oscillation frequency, in both lam
nar and turbulent flow~as shown in Figs. 11–13! when the
effective magnetic susceptibility is allowed to depend up
the magnitude of the magnetic field and the relaxation ti
~in laminar flow only! is a function of flow rate and fre-
quency.

The spin viscosity is estimated to be so small that the s
diffusion is negligible. This makes simulation results effe
tively independent of the boundary condition of the spin. O
simulations suggest that spin profiles exhibit a very th
boundary layer next to the wall—only a few microns—a
this is not resolved in these calculations. For our calcu
tions, all spin boundary conditions give the same fractio
pressure drop.
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